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Abstract 



In this paper, we characterize unitary representations of tt ~ 7ri(5''^\{si, . . . ,si}) whose gener- 
ators ui, ... ,ui (lying in conjugacy classes fixed initially) can be decomposed as products of two 
Lagrangian involutions Uj = ajaj+i with ctj+i — ai . Our main result is that such representations 
, are exactly the elements of the fixed-point set of an anti-symplectic involution defined on the mod- 

. uli space Mc }lomc{n,U{n))/U{n) . Consequently, as this fixed-point set is non-empty, it is 

a Lagrangian submanifold of A4c- To prove this, we use the quasi-Hamiltonian description of the 
symplectic structure of Mc and give conditions on an involution defined on a quasi-Hamiltonian 
' ?7-space {M,u),n : M ^ U) for it to induce an anti-symplectic involution on the reduced space 

M//U :=M-H{l})/f/. 



^ ■ 1 Introduction 
(N ■ 

OO ' The fundamental group n := 7ri(S'"\{si, . . . , s;}) of an ^-punctured 2-sphere (/ > 1) has finite presen- 

tation < gi,g2, ■ ■ ■ ,gi \ 5iff2- ■ -91 = 1 >) where gj stands for the homotopy class of a loop around Sj. 

■ Therefore, giving a unitary representation of this surface group (i.e. a group morphism p from tt to U (n)) 
I amounts to giving I unitary matrices Ui,U2, ... , u/ satisfying the relation uiU2- ■ -Ui = 1 (we always 

■ identify C" with R^" and endomorphisms of C" with their matrices in the canonical basis). One may 
then want to study representations with prescribed conjugacy classes of generators : given I conjugacy 
classes C = {Cj = {uexp{iXj)u~^ : u G U{n)})i<_j<i, do there exist I unitary matrices ui,M2, ... , u/ 

^ ^ satisfying Uj G Cj and uiU2 - . .w; = 1. The answer to this problem was given by Agnihotri and Woodward 

^ ■ in tAW98j , by Belkale in |Bel01| and by Biswas in |Bis99j : they gave necessary and sufficient conditions 

^ \ on the Xj G R" for the above question to have a positive answer (before that, the case of SU{2) was 

• r-^ • discussed in | J W92j . in |Gal97| . in |KM99j and in |Bis98j ). In the following, we will always focus our 

rS I interest on representations with prescribed conjugacy classes of generators and denote by Homc(7r, U{n)) 

^ . the set of such representations (i.e. group morphisms p : tt — ^ U{n) such that p{gj) G Cj for all j). Com- 

ing back to the relation ui. . .ui = 1, one may notice that if we decompose each rotation Uj G U{n) as a 
product of two orthogonal symmetries (which are no longer unitary transformations, since they reverse 
orientation, see section [5] for a precise definition of these symmetries) in the following way ui = a-i(T2, 
U2 — o'2C3, • ■ • , = CTiCTi, then the relation ui . . . ui = 1 is automatically satisfied, since orthogonal 
symmetries are elements of order 2. The appropriate orthogonal symmetries to consider turn out to be 
orthogonal symmetries with respect to a Lagrangian subspace of C", which are just real lines of C when 
n, = 1. A imitary representation of 7ri(S'^\{si, . . . , si}) whose generators ui, ... , it; admit a decomposi- 
tion Uj — aj(7j-^-i, where aj is the orthogonal symmetry with respect to a Lagrangian subspace Lj of C", 
and where ctj+i — ui, will be called a Lagrangian representation. The natural question to ask is then the 
following one : when is a given representation a Lagrangian one ? Further, two unitary representations of 
TT with respective generators (mi, ... , u;) and {u'l, ... , uJ) being equivalent if there exists a unitary map 
(fi G U{n) such that u'j — (pujip^^ for all j, what can one say about the set of Lagrangian representations 
in the moduli space A4c '■— IIomc(7r, U{n))/U{n) of unitary representations ? 
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In this paper, we address these two questions. First, we denote by Lq the horizontal Lagrangian 
Lq :— R" C C" of C" and we call a representation cro-Lagrangian if it is Lagrangian with Li = Lq. We 
will see in subsection 16.61 that a given represemtation is Lagrangian if and only if it is equivalent to a 
aQ-LsLgiangiaii one. We then obtain the following characterization of cro-Lagrangian representations : 

Theorem 1. Given I > 1 conjugacy classes Ci,C2, ... ,Ci C U{n) of unitary matrices such that there 
exist (iti, U2, . . . , ui) E Ci X ■ ■ ■ X Ci satisfying UiU2. ■ -Ui = 1, the representation of 7ri(S'^\{si, . . . , s;}) 
corresponding to such a (ui,U2j • ■ • lUi) is a q- Lagrangian if and only if ui — u\, = u'[^u\_^i, . . . , 
and ui = ir[^ir[\. . .U2^u\u2- ■ Mi^iUi . 

Theorem [1] will be proved in subsection 16.61 ftheorem l6.10p . Second, we recall that the moduli space 
Mc of unitary representations of the surface group tt with prescribed conjugacy classes of generators 
is a symplectic manifold (actually a stratified symplectic space, see |LS91| . since we have to take into 
account the singularities in the manifold structure, see subsections 2.4 and 6.2 in [Jef94j ). This symplectic 
structure, first investigated in ^B83 and in Gol84j . can be obtained in a varietv of wavs fsee for instance 
|GHJW97[ IAMM98[ IAM95[ IMW 99] and the references therein). For our purposes, we wiU use the one 
given by Alekseev, Malkin and Meinrenken in AMM98 and think of our moduli space as a symplectic 
quotient obtained by reduction of a quasi-Hamiltonian manifold. We then have the following description 
of the set of equivalence classes of Lagrangian representations of tt : 

Theorem 2. The set of equivalence classes of Lagrangian representations o/vr = 7ri(S'^\{si, . . . , si}) is 
a Lagrangian submanifold of the moduli space Mc = Homc(7r, U{n))/U{n) of unitary representations of 
TT (in particular, it is always non-empty). 

Theorem[5]will be proved in subsection l6.7l ftheorem [B^. 12p . The fact that there always exist Lagrangian 
representations was first proved in |F W06| . where the dimension of the submanifold of (equivalence 
classes of) Lagrangian representations was shown to be half the dimension of the moduli space. For a 
proof of the non-emptiness using ideas from (quasi-) Hamiltonian geometry, we refer to (SchOSj or to the 
forthcoming paper [Schj (see also theorem 15. 3p . For now, we will use the quasi-Hamiltonian description 
of the symplectic structure of the moduli space to prove theorem [2] 

The main intuition to tackle the aforementioned problems is the use of momentum maps to solve 
questions of linear algebra (see [KnuOO] ) . which first seemed relevant for this problem after studying the 
case n — 2 (see |FMS04| ). and which fits right into place with the important idea of thinking of the 
space of equivalence classes of representations (that is, the moduli space Mc) as a symplectic quotient. 
In this framework, the key idea to solve our problem is to obtain the set of Lagrangian representations 
as the fixed-point set of an involution /3, which is first used to give the explicit necessary and sufficient 
conditions for a representation to be CTo-Lagrangian appearing in theorem [1] and then turns out to induce 
an anti-symplectic involution on the moduli space. 

After reviewing some background material on Lagrangian involutions (that will later explain how 
the involution /3 is obtained), we shall proceed with recalling the notion of quasi-Hamiltonian space 
introduced in |AMM98] and then use it to obtain the symplectic structure of the moduli space Mc (we 
will restrict ourselves to representations of 7ri(S'^\{si, . . . ,s/}) and give an explicit description of the 
symplectic 2-form in the case 1 — 3). Then we will show how to obtain Lagrangian submanifolds of a 
quasi-Hamiltonian symplectic quotient, in a way which theorem [2] will later provide a concrete example 
of. Finally, we will obtain cro-Lagrangian representations of tt as the fixed-point set of an involution on 
the product Ci x ■ • • xC; of the prescribed conjugacy classes, and therefrom deduce theorem[T]and theorem 
[21 Along the way, we will have proved another result which is worth mentioning here and which will be 
proved in section [5] (theorem 15. 2p : 

Theorem 3. Let U be a compact connected Lie group and let (M, tu) be a quasi-Hamiltonian U -space with 
momentum map fi : M U . Let r be an involutive automorphism of U , denote by t~ the involution 
defined on U by t~(u) — t{u^^) and let (3 be an involution on M such that : 

(i) yu eU,yxe M, P{u.x) = t(w)./3(x) 

(a) Vx € M , ^ o (3(x) ~ o ijl{x) 

(Hi) f3*ijj = —uj 
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then f3 induces an anti-symplectic involution (3 on the reduced space M^'^'^ :— /i ^{{i})/U . If (3 has fixed 
points, then Fix{(3) is a Lagrangian suhmanifold of M^'^'^ . 

Acknowledgements. Before starting, I would like to thank my adviser Elisha Falbel for submitting the 
above problem to me. Numerous discussions with him and with Richard Wentworth were of valuable help 
to me. I would also like to thank Alan Weinstein for encouragement on the momentum map approach 
and Johannes Huebschmann for mentioning the notion of quasi-Hamiltonian space to me. My deepest 
gratitude goes to Jiang Hua Lu and Sam Evens for that incredibly fruitful discussion we have had in Paris 
in the Spring of 2004. It was a sincere pleasure. I am also grateful to Professor Yoshiaki Maeda and the 
department of Mathematics at Keio University in Yokohama for their hospitality at the time this paper 
was being written. My presence in Keio was made possible thanks to a short-term doctoral fellowship 
granted by the Japan Society for the Promotion of Science (JSPS). Finally, I would like to thank the 
referee for his comments and suggestions to improve the readibility of this paper and for pointing out to 
me the resuhs in |Gal97| and [KM99j . 

2 Background on Lagrangian involutions and angles between 
Lagrangian subspaces 

We give here the properties of Lagrangian involutions that we shall need in the following. Recall that 
C" is endowed with the symplectic form lu = — Im h where h is the canonical Hermitian product h = 
2fe=i 'S> dzk, for which it is symplectomorphic to R^" endowed with the canonical symplectic form 
u) = J2k=i dxkAdyk ■ Mutiplication by i G C in C" corresponds to an M-endomorphism J of R^" satisfying 
= —Id. Denoting g = Ke h ~ J22=i('^^k ® dxk + dyk <^ dyk) the canonical Euclidean product on 
M^", we have g = J.) (J is called a complex structure and is said to be compatible with oj). A real 
subspace L of C" is said to be Lagrangian li uj\l^l — and if dimg L — n (that is, L is maximal isotropic 
with respect to uj) . One may then check that L is Lagrangian if and only if its g-orthognal complement 
is = JL . We may then define, for any Lagrangian subspace L of C", the M-linear map 

CTL : C ^L®JL — y C" 

X + Jy I — > X — Jy 

called the Lagrangian involution associated to L. Observe that ctl is anti-holomorphic : ul^J — —J^ctl- 
In the following, we denote by C{n) the set of all Lagrangian subspaces of C" (the Lagrangian Grass- 
mannian of C"). Finally, recall that, under the identification (C"',h) ~ (R^", J, w), we have U{n) = 
0{2n) n Sp{n). Furthermore, the action of U{n) on C{n) is transitive and the stabilizer of the horizontal 
Lagrangian Lq := M" C C" is the orthogonal group 0(n) C U{n), giving the usual homogeneous descrip- 
tion C{n) = U{n)/0{n) . Observe that 0(n) = Fix{T) where r : u h-> ^ is complex conjugation on U{n), 
so that C{n) is a compact symmetric space. 

Proposition 2.1. [FMS04| Let L G C{n) be a Lagrangian subspace o/C". Then: 

(i) There exists a unique anti-holomorphic map whose fixed point set is exactly L. 

(ii) If L' is a Lagrangian subspace such that gl = cr^i, then L = L' : there is a one-to-one correspon- 
dence between Lagrangian subspaces and Lagrangian involutions. 

(Hi) ctl is anti-unitary ; for all z,z' G C", h{aL{z),crL{z')) — h{z,z'). 

(iv) For any ip G U{n), a^^L) = (paL^^^. 

Denote then by CInv{n) := {ctl : L G C{n)} the subset of 0{2n) consisting of Lagrangian involutions. 
Observe that it is not a subgroup, as it is not stable by composition of maps. Statement (iv) of the above 
proposition then shows that the subgroup U{n) :=< U{n)lJCTnv{n) > C 0{2n) generated by Lagrangian 

involutions and unitary transformations is in fact generated by U{n) and a^^ : U{n) —< U{n) U{ctlo} >. 
Asawordin< U{n)U{aL„} > contains either an even or an odd number of occurrences of ctlq (depending 
only on whether it represents a holomorphic or an anti-holomorphic transformation of (R^", J) ~ C"), it 
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can be written uniquely under the reduced form ue where u G U{n) and e — 1 oi e = aLo- Consequently, 

we have < U{n) U {ctlo} > = U{n) U U{n)aLo, so that U{n) is indeed a subgroup of index 2 of U{n). 
Further, if we write Z/2Z = {l,^^,-,} and consider the action of this group on U{n) given by <jlo-u = 
(JLaUiLa =u = t{u), then the map 

U{n) X Z/2Z — > U{n) U U{n)aLo 
{u,e) I — > ue 

(where £ = 1 or e = aLg) is a group isomorphism. Finite subgroups of U{2) yi Z/2Z generated by La- 
grangian involutions are studied in [F alOl J. As for us, one of the major interests of Lagrangian involutions 
will be that they measure angles of Lagrangian subspaces of C" under the action of the unitary group : 

Theorem 2.2. |Nic91[ lFMS04j Let {Li,L2) and {L[, L2) be two pairs of Lagrangian subspaces of €!■"■. 
Then there exists a unitary map tp G U{n) such that ip{Li) ~ L'l and ip{L2) — L'2 if and only if ui^' a^' 
is conjugate to aLiO'L2 *^ U{n). 

The following series of results will be useful to us in the proof of theorem 16.101 The underlying idea 
is that the elements of the symmetric space C{n) = U{n)/0{n) can be identified with the symmetric 
elements of U(n) (that is, elements of U{n) satisfying t{u) — u~^, see [HelOll lLoo69j ). all of them being 
of the form (p*(p, where (p G U{n) and tp* denotes the transpose of (p (so that the symmetric elements of 
U(n) are indeed symmetric unitary matrices). 

Proposition 2.3. Let W{n) :— {w G U{n) \ — w} be the set of symmetric unitary matrices. 

(i) Let u G U{n). Then u G W{n) if and only if there exists k G 0{n) such that kuk^^ is diagonal, 
(ii) Lf w ^ W{n), then there exists ip G W{n) such that tpp' = w. 

(Hi) For any w G W{n), define L^ := {z G C" | z — wz ~ 0}. Then, if ip is any element in W{n) such 
that ipp' — w, we have ^{Lq) — Lyj. Consequently, Lyj is a Lagrangian subspace ofC^. Furthermore, 

(iv) The map w G W{n) L^ G C{n) is a diffeomorphism whose inverse is the well-defined map 

C{n) = U{n)/o{n) W{n) 
L = u{L()) I — > uu* 

(v) For any L G C{n), we have ct^^^gl — v^v, where v is any unitary map such that v{L) = Lq. 

(vi) For any u G U{n), there exist two Lagrangian subspaces Li,L2 G 'C(n) such that u = <JLi'^L2- 

Proof. (i) Observe that, alternatively, W{n) = {w G U{n) \ w^^ = W}. Now take w G W{n) and 
write w = X -\- iy where x, y are real matrices. Then — w implies x* = x and y* = y, and 
WW = Id implies a;^ + = Id and xy — yx = 0. Thus x and y are commuting real symmetric 
matrices, so there exists k G 0(n) such that dx ■= kxk~^ and dy = kyk~^ are both diagonal. 
Therefore, kwk~^ — d^ + idy is diagonal. The converse is obvious. One may observe that since 
dx+dy = k{x'^ + y'^)k^^ = Id, one has dx + idy = exp{iS) where 5 is a real symmetric matrix. 

(ii) is an immediate consequence of (i). 

(iii) Take (p G W{n) \ ip"^ — w. Then z — wl = iff z — (p^z — , that is, p~^z — pz — Q. But ip^^ = Tp 
so that z G Lw is equivalent to p~^z — ip^^z hence to p^^z G Lq, hence to z G p{Lo), which 
shows that = (p{Lo) is a Lagrangian subspace of C". Furthermore, cfl^ulo — 'PO'LqV^^o-Lo- 
But since is complex conjugation in C" and since ip is both symmetric and unitary, we have 
(/S^Vlo = V^a-Lo = {o-Lo^^o-LoWlo = f^LoV, therefore (7l„<7Lo = = p^ = w. 

(iv) Observe that if u, v are two unitary maps sending Lq to L G C{n) then v^^u G Stab{LQ) = 0{n) so 
that uu* = vv* . Then, if L = u{Lo) G C{n), one has L„„t — {z — uu^'z = 0}. But z — uu*z = iff 
u~^z = u~^z , that is, u~^z G Lq so L^u^ = u{Lq). Conversely, we know that L^, — p{Lq) where 
ip G W{n) \ ip'^ = w so that indeed (pip* = ip^ = w. 
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(v) For a given L G C{n), take v G U{n) such that v{L) = Lq. Then L = w ^{Lq) and so we 
know from (iii) and (iv) that L = {z — {v^^){v^^Yz — 0} and that ol^Lo = Hence 

(vi) Let d = diag (ai, . . . , a;) e be a diagonal matrix such that u = (p(Pip^^ and set L — d{Lo). 
Then we know from (iii) and (iv) that (Jl^'Lo = hence u — ipa^aLof^^ ~ ^•p(l)(^lp(Lo)- 

□ 

Statement (v) may seem a bit useless at this point as it is just a way of rephrasing (ii), but it will 
prove useful to us when formulating the centered Lagrangian problem (see subsection l6.2p . 

3 Quasi-Hamiltonian spaces 

We recall here the definition of quasi-Hamiltonian spaces and the examples that shall be useful to us in 
the following. We follow [AMM98| (see also [GHJW97| and [SKSMM for related constructions). Let 
[/ be a compact connected Lie group acting on a manifold M endowed with a 2-form ui. We denote by 
(. I .) an Ad-invariant Euclidean product on u = Lie{U) — Till . Let x be (half) the Cartan 3-form of 
U, that is, the left-invariant 3-form defined on u = Ti [/ by xi(^, Y, Z) = ^ {X \ [F, Z]) = \ ([X, Y\ \ Z), 
where the last equality follows from the v4rf-invariance property. Since (. | .) is Ad-invariant, x is actually 
bi-invariant and therefore closed : dx = 0. Further, denote by and the left and right-invariant 
Maurer-Cartan 1-forms on JJ : they take values in u and are the identity on u, meaning that for any 
u G U and any ^ £ T„ [/, ^^(^) = u~^.£, and 0^(^) = ^.u~^ (where we denote by a point . the effect of 
translations on tangent vectors). Finally, denote by the fundamental vector field on M defined, for 
any X £ u, hy the action of U : X^ = ■^\t=o{exp{tX) .x) for any x G M. Throughout this paper, we will 
follow the conventions in |Mor01| to compute exterior products and exterior differentials of differential 
forms. 

Definition 3.1 (Quasi-Hamiltonian space). [AMM98] In the above notations, (A/, w) is called a quasi- 
Hamiltonian space if : 

(i) The 2-form uj is J7-invariant : ^fu E U, the associated diffeomorphism of M, denoted by (fu, satisfies 
(filuj = w. pi 

(ii) There exists a map fj, : M ^ U, called the momentum map, such that : 

(a) fi is equivariant with respect to the {/-action on M and conjugation in U 

(b) du = -fi*x 

(c) Vx £ M, keiuj^ = {^1 : ^ e u I Adfi{x).X = -X} 

(d) VX G u, the interior product of X^ and uj is 

Lx^io^lfi^e'^ + e^'ix) 

where (9^ + 6" \ X) is the real- valued 1-form defined on U by (6^ + 6^ \ X)^{^) = {9^{Q + 
6*^(0 I X) for any ueU and any £,£T^U. 

The examples of quasi-Hamiltonian space that will be of most interest to us are the conjugacy classes 
of [/. 

Proposition 3.1. |AMM98j Let C C U be a conjugacy class of a compact connected Lie group U . The 
tangent space to C at u £ C is T^C = {X.u—u.X : X £ u) . For a given X £ u, denote [X\u '■= X.u—u.X. 
Then the 2-form lu on C given at u £ C by 

iOu{[X]u, [Y]u) = \ {{Adu.X I Y) - (Adu.Y \ X)) 

is well-defined and makes C a quasi-Hamiltonian space for the conjugation action and with momentum 
map the inclusion n : C ^ U . Such a 2-form is actually unique. 
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Observe that = , that is : the fundamental vector fields generate the tangent space to 

C. It is also useful to write this quantity [X]u = {X — Adu.X).u = u.{Adu^^ .X — X). In order to 
describe the symplectic structure on the moduli space A4c — IIomc(7r, C/(n))/C/(n), we will have to 
consider the product space Ci x • ■ • x C; where the Cj are conjugacy classes in U{n), endowed with the 
diagonal action of U (n) . To make this a quasi-Hamiltonian space with momentum map the product map 
fi{ui, . . . , ui) = ui . . .ui, one has to endow it with a form that is not the product form but has extra 
terms. The product space thus obtained is called the fusion product and usually denoted Ci ® • • • ® C;. 
The general result is the following : 

Theorem 3.2 (Fusion product of quasi-Hamiltonian spaces). jAMM98] Let (Mi, wi, fii) and (Af2, ^2, /12) 
he two quasi-Hamiltonian U -spaces. Endow Mi x M2 with the diagonal action of U . Then the 2-form 

makes Mi x M2 a quasi-Hamiltonian space with momentum map 

Hi ■ fi2 ■ Ml X A/2 — > U 

{xi,X2) I — > Mi(a;i)Ai2(a;2) 

Here, the 2-form wi (B uj2 is the product form {uji © W2)(xi,x2) ((^i: ^^2), (wi, W2)) = {i^i)xi{vi,wi) -\- 
(^2)2:2 (''^2, W2) and {fil0^ A ^llO^) is the 2-form defined on Mi x M2 by 

(mI^^ A A*2^^)(xi,.2)((«i>^^2), {wi,W2)) = \ [{{fil9%,.vi I {fi;e''),,.W2) ~ {{fild'^)x,.Wi \ (a^*^^),, .t;2) ) 

The above result shows that Ci x • • • x C; is indeed a quasi-Hamiltonian space for the diagonal action of 
U{n), with momentum map the product /i(wi, ... ,ui) = ui . . .ui. For a product of three factors, one 
can write down the fusion product form explicitly in the following way : 

Corollary 3.3. The fusion product form on Mi x M2 x M3 is the 2-form 

oj ^ {oji®ijJ2® W3) + {{iJ*iO^ A p*2e") ® {^1*26^ A ^iie^) © {iiie^ a {ii*2Ad).^iie")) 

Proof. To obtain the above expression, one applies theorem 13.21 successively to Mi x A/2 and to {Mi x 
A/2) X A/a- One can then also check that the fusion product is associative, as shown in [AMM98] : 

UJ = (^{{u;i(BuJ2) + {ti*iO^ Ati*2e'^))(Bu;3^ +{{fii- ^i2Td^ Al^lO^) 

= (ui © {{u2 © W3) + (^2^"^ A fj-ie"))^ + {fiie^^ A ifi2 ■ t^aye") 

□ 

4 The symplectic structure on the moduU space of unitary rep- 
resentations of surface groups 

The theory of quasi-Hamiltonian spaces provides a very nice description of the symplectic structure 
of moduli spaces of unitary representations of surface groups. We refer to [AMM98] for the general 
description of these moduli spaces as quasi-Hamiltonian quotients and we will now concentrate on the 
space of representations of tt = 7ri(S'^\{si, . . . , s;}) = < gi, g2, ■ ■ ■ ^ 9i \ 9i92- • -5; = 1 >• Giving such 
a representation with prescribed conjugacy classes Ci, ... ,C/ of generators amounts to giving I unitary 
matrices ui, ... , such that Uj G Cj and ui .. .ui = 1. But we know from section [3] that this amounts 
to saying that (ui, . . . ,u/) G fi~^{{l}) where 

/I : Ci X • ■ • X C; > U{n) 

{ui, ... ,Ul) I — > Ul . . .Ul 

is the momentum map of the diagonal J7(n)-action. The moduli space of unitary representations is 
then AAc = Homc(7r, C/(n))/J7(n) = /i^^({l})/C/(n), which is the symplectic manifold obtained from 
Ci X • ■ • X C/ by quasi-Hamiltonian reduction, a procedure which we now recall, stating theorem 5.1 from 
[AMM98) in a particular case to apply it more directly to our setting. 
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Theorem 4.1 (Symplectic reduction of quasi-Hamiltonian manifolds). |AMM98] Let {M,uj) he a quasi- 
Hamiltonian U-space with momentum map /i : A/ — > U. Let i : ^ M be the inclusion of the 

level set ^^^{{1}) in M and let p : ^ ^1^^{{1})/U be the projection on the orbit space. Assume 

that U acts freely on Then there exists a unique symplectic form u!^^'^ on the reduced space 

j^red ._ ^-i({i})/t/ such that p*uj'''"^ = i*uj on ^-^({l}). 

The proof consists in showing that i*uj is basic with respect to the fibration p and then verifying 
that the corresponding form ui^'^'^ on /i^^ ({!})/[/ is indeed a symplectic form. In virtue of the above 
theorem, describing the symplectic structure of Aic = amounts to giving the 2-form defining 

the quasi-Hamiltonian structure on the product Ci x • • • x C; . We now give the description of this 2-form 
in the case where I — 3. 

Proposition 4.2. Let (ui,U2,U3) G Ci x C2 x C3. Take Xj,Yj G u and write [Xj], [Yj] G Tu. Cj for the 
corresponding tangent vectors (see section\Bj). The 2-form u making Ci x C2 x C3 a quasi-Hamiltonian 
space with momentum map ii{ui,U2,U3) = U1U2U3 is given by : 

UuiiX], [Y]) = i {{Adui.Xi I Yi) - {Adui.Yi \ Xi) + {Adu2.X2 \ Y2) - iAdu2.Y2 1 X2) 

+ {Adu3.X3 I Y3) ~ {Adu3.Y3 I X3) + {Adu^\Xi - Xi \ Y^ - Adu2.Y2) 
-{Adu^\Yi - Yi I X2 - Adu2.X2) + {Adu^\X2 - X2 \ Y3 - Adu^.Yz) 
-{Adu2\Y2 - Y2 I - Adu^.Xi) + {Adu^\Xi - Xi \ Adu2.Y3 - Ad {u2U3).Y3) 
-{Adu^\Yi-Yi\Adu2.X3- Ad{u2U3).X3)) 

The above expression is obtained by applying coroUarv 13.31 Observe that the fusion product 2-form 
on Ci X C2 consists exactly of terms of the above expression which do not contain vectors X3 or Y3 . See 
also remark 5.3 in |Tre02j for expressions of fusion product forms on products of conjugacy classes. 

5 Lagrangian submanifolds of a quasi-Hamiltonian quotient 

The purpose of this section is to give a way of finding Lagrangian submanifolds in a symplectic manifold 
obtained by reduction from a quasi-Hamiltonian space. It mainly consists in carrying over a standard 
procedure for usual symplectic quotients to the quasi-Hamiltonian setting. To that end, we recall the 
following result from [OSOOj (proposition 2.3), which concerns Hamiltonian spaces. Let U he a compact 
connected Lie group acting on a symplectic manifold (M, u) in a Hamiltonian fashion with momentum 
map $ : M —>■ u* . Let r denote an involutive automorphism of U and still denote by r the involution 

(Ti r)* : u* > u* 

A I — > A o Ti T 

that it induces on the dual u* of the Lie algebra u — TiU oi U. Let P be an anti-symplectic involution 
on M (that is, such that P*u! = —uj and = IdM)- In the above notations, (3 is said to be compatible 
with the action of f7 if Vm G C/, Va; G M, (3(u.x) = T[u).j3{x) and (3 is said to be compatible with the 
momentum map $ : A/ ^ u* if Vx G M , $ o j3{x) = — t o $(a;). 

Proposition 5.1. [OSOO] If := Fix{l3) is non-empty, it is a Lagrangian submanifold of AI , stable 
by the action of the subgroup := Fix{T) of U . 

O'Shea and Sjamaar then proceed to studying the reduced space M^'^'^ = <I>~^({0})/C/, on which /3 
induces an involution /3. To obtain analogous results for a symplectic manifold M'"'^'' = fi~^{{l}) /U 
obtained by reduction of a gwasi-Hamiltonian space Af , we wish to define an involution P on M such 
that f3 induces an anti-symplectic involution /3 on M^'^'^. This is done the following way : 

Theorem 5.2. Let U be a compact connected Lie group and let (M,lu) be a quasi-Hamiltonian U-space 
with momentum map fj, : M ^ U . Letr be an involutive automorphism ofU, denote by t~ the involution 
defined on U by t~{u) = t{u^^) and let f3 be an involution on M such that : 

(i) \/u ^ U, \/x G M, j3(u.x) = t{u).I3(x) {(3 is said to be compatible with the action of U) 
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(ii) Vx e M , fi o P{x) = o ^{x) {(3 is said to be compatible with the momentum map jj, : M ^ U) 

(Hi) (3*uj = —oj (/3 reverses the 2-form oj) 

then (3 induces an anti-symplectic involution (3 on the reduced space Af'^'^ := ^~^{{\})/U . If (3 has fixed 
points, then Fix{f3) is a Lagrangian submanifold of AI^'^'^. 

Remark. See the end of this section for comments on the condition Fix{(3) ^ 0. 

Proof. Compatibihty with the momentmn map (condition (ii)) shows that (3 maps /i^^({l}) into /i^^({l}) 
(since t^(1) — 1). Compatibihty with the action (condition (i)) then shows that (3{u.x) and f3{x) lie in 
the same C/-orbit, so that we have a map 

/3: ^^-\{1})/U ^ t^-H{l})/U 
U.x 1 — > U.pix) 

We know from quasi-Hamihonian reduction (see theorem [JT]) that there exists a unique symplectic form 
uj''^'^ on Ar""^ = n-^{{l})/U such that = i*Lu where i : ^^"^({1}) ^ M and p : ~^ M''"'^. 

To show that f3*u!'^'^'^ = —u^'^'^, let us first prove that i*{p*uj) is basic with respect to the fibration p. 
Then there wiU exist a unique 2-form 7 on M'^^'^ such that p*7 = i*{P*uj). Since both 7 — —lo'^'^'^ and 
7 = (3*10^'^'^ satisfy this condition, they have to be equaL The last part of the theorem then follows from 
proposition 15.11 as the fixed-point set of an anti-symplectic involution, if it is non-empty, is always a 
Lagrangian submanifold. Let us now write this explicitly. 

Verifying that i*{l3*uj) is basic is easy since (3*uj = —oj and i*LU is basic (see |AMM98] ) but it is actually 
true without this assumption so we prove it for f3 satisfying only conditions (i) and (ii) above. We have 
to show that i*{(3*uj) is ?7-invariant and that for every X ^ u — Lie{U), we have txti(j*(/3*w)) = 0, where 
is as usual the fundamental vector field X| = ■^\t=o{exp{tX).x) (for any x G M) associated to X G u 
by the action of U on M. Let u G U and denote by ipu the corresponding diffeomorphism of M. The 
map ^ being equivariant (fu sends /z~^({l}) into itself, hence i o = o i on Furthermore, 
compatibility with the action yields (3 o ip^ — o (3. We then have, on /x^^({l}), 

^:(z*(/3*a;)) = (/3ozo^„)*c^ 

where the very last equality follows from the ?7-invariance of uj. Further, let X e u. Since (3 is compatible 
with the action, one has /3(exp(iX).a;) = r(exp(iX))./?(x) exp(ir(X))./3(x) (where we still denote by 
r the involution Ti r on u = Ti U), hence Tj^p.Xl — (r(X))jSj^^^ , hence Lx» (/3*w) = [3* {l^^^^^x))*^)- Since 
Lxi{i*{l3*uj)) = i*{ixi{l3*ojy), we can compute, using the fact that (3 is compatible with /i. 



Lxi{(3*uj) = /3*(t(^(^)),w) 

= (3*{^-ii*{e^ + e^\T{x))) 

= i(^o/3)*(0^+0^|r(X)) 

= liT-of,y{e^ + e"'\rix)) 

= lt^*{ir-r{9^ + e''\T{X))) 

hence i*{Lxi{P*(jj)) = |i* o //*(.. .) = ^ {fJ, o i)* (. . .). But fi o i : fi^^{{l}) t/ is a constant map, 
therefore T{fi o i) and consequently (/i o i)* are zero, which completes the proof that i*(/?*w) is basic. 
Finally, let us show that p*0uj^'^'^) = i*{(3*uj) — p* {-tu^'^''-) (this is where we really use /3*uj — ~lu). We 
have, on P*0*uj'''"^) = {{3 o p)* uj''^'^ = ij) o I3)*w'''"^ = /3*(p*w''^'*) = I3*{i*uj) = {iol3)*uj = 

{(3 o i)*uj — i*{(3*uj) = i*{~ijj) ~ -i*Lu = -p*uj'^'^'^ = p* {—lo^'^'^) . This completes the proof, as indicated 
above. □ 
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In the next section, we will give an example of a map [3 satisfying the hypotheses of theorem 15.21 
In the case we will then be dealing with, it will be important to us that the map r under consideration 
be actually an isometry for the Euclidean product (. | .) on u (recall that this scalar product is part of 
the initial data to define quasi-Hamiltonian JJ-spaces). So far, we did not need that hypothesis. Before 
ending this section, we would like to say that, in fact, if j3 satisfies the conditions of theorem 15.21 and 
has fixed points then /3 necessarily has fixed points. Indeed, observe first that Fix{(3) 7^ if and only 
if Fix{/3) n ^ 0. We then have the following result, which is a convexity result concerning 

momentum maps in the quasi-Hamiltonian framework and which is adapted from (a special case of) the 
convexity theorem of O'Shea and Sjamaar (see [OSOO] ) : 

Theorem 5.3. |Sch05| Let (3 be an involution defined on a quasi-Hamiltonian {U,T)-space {M,u!,^ : 
M ^ U) such that (3 is compatible with the action and the momentum map and such that j3*UJ — —lj. 
Assume that Fix{j3) ^ and that there exists a maximal torus T of U which is fixed pointwise by and 
letW Ct = Lie{T) be a Weyl alcove. Then fi{M'^) n cxp W = fJ.{M) n expW. 

The proof of this theorem is too long to be presented here, all the more so as it calls for techniques 
which are very different from the ones we have made use of so far. A proof of this result is available in 
|Sch05| and will appear in a forthcoming paper ( [Sch| ) • The fact that Fix{(3) is then a corollary of 
this theorem : 

Corollary 5.4. jSchOSj If Fix{/3) ^ and ^"^{1}) ^ then Fix{P) Ci ^ 9, w^«c/i case the 

involution f3 induced by (3 on ^,^^{{1}) /U satisfies Fix{(3) ^ 0. 

Proof of the corollary. Since Fix{(3) ^ 0, the above claim applies. Since fj,~^{{l}) ^ and 1 £ exp W, 
we then have 1 S A*(M) n exp W = fi{Mf^) fl exp W, which means that fi~^{{l}) n Fix{/3) ^ 0, which in 
turn is equivalent to Fix{$) □ 

We will not use theorem 15. 3[ nor its corollary, in the following. 

6 Lagrangian representations as fixed point set of an involution 

In this section, we will state our main result, which is the characterization of a (TQ-Lagrangian repre- 
sentations of TT = 7ri(S'^\{si, . . . , s;}) as the elements of the fixed point set of an involution (3 defined 
on the product of I conjugacy classes of the unitary group (satisfying the condition 3 (ui, . . . ,ui) S 
Ci X • • • X C; I Ml . . . u/ = 1). Using theorem 15.21 proved in the preceding section, we will deduce that 
the set of (equivalence classes of) Lagrangian representations is a Lagrangian submanifold of the moduli 
space Aic — Homc(7r, U{n))/U{n). The first five subsections explain how these results (in particular the 
involution (3) were obtained but may be skipped if one wants to go straight to the actual theorems (whose 
proofs may also be read without knowledge of the previous subsections). 

6.1 The infinitesimal picture and the momentum map approach 

Let us recall our problem : given I unitary matrices ui, . . . , u; e [/ (n) satisfying Uj G Cj and ui . . .Uj = 
1, do there exist I Lagrangian subspaces Li, ... ,Li of C" such that Ujajj^i = Uj (where aj is the 
Lagrangian involution associated with Lj and cr; — cti) ? As was recalled in section [2l the condition 
(jjaj+i £ Cj, which lies on the spectrum of the unitary map ajCTj+i, can be interpreted geometrically as 
the measure of an angle between Lagrangian subspaces. The Lagrangian problem above can therefore be 
thought of as a configuration problem in the Lagrangian Grassmannian C{n) of C" : given eigenvalues 
exp(iAj), Xj S M", do there exist I Lagrangian subspaces Li, ... , L/ such that measure(Lj, L^+i) = 
exp{iXj) ? Under this geometrical form, the Lagrangian problem is slightly more general than our original 
representation theory problem. It is very much linked to the unitary problem studied for instance in 
I.TW921 IGal97l lBis98l IAW98I IKM99I iBis^ iBeloT] . which is the following : given Xj e R", do there 
exist I unitary matrices ui, ... ,ui satisfying Specuj = exp(iAj) and ui . . .u; = 1 ? In fact, a solution 
(Li, ... , L/) to the Lagrangian problem (second version) provides a solution Uj — ajcrj+i to the unitary 
problem. As was shown in 'FMS04], it is possible to use this approach to give an interpretation of the 
inequalities found by Biswas in [Bis98j (which are necessary and sufficient conditions on the Xj for the 
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unitary problem to have a solution in the case n = 2 and I — 3) in terms of the inequalities satisfied by 
the angles of a spherical triangle. 

The fact that the unitary problem admits a symplectic description was our first motivation to study the 
Lagrangian problem from a symplectic point of view. The second motivation is derived from the above- 
given geometrical formulation of the problem. To better understand this, let us try and formulate an 
infinitesimal version of the Lagrangian problem. Take three Lagrangian subspaces ii, L2, ^3 close enough 
so that we can think of these points in C{n) as tangent vectors to C{n) at some point Lq representing 
the center of mass of Li, L2, L3. Tangent vectors to the Lagrangian Grassmannian are identified with 
real symmetric matrices Si, S2, S3 and the center of mass condition then turns into 5*1 + 52 + 53 = 0. 
It seems reasonable in this context to translate the angle condition uies{Lj, Lj^i) — expiiXj) (that is, 
SpeC(TjtTj+i — exp(iAj)) into the spectral condition Spec5j = £ R". We then recognize a real version 
(replacing complex Hermitian matrices with real symmetric ones) of a famous problem in mathematics 
(see |Ful98| for a review of this problem and those related to it) : given € K", do there exist Hermitian 
matrices i?2, -ffa such that Spec Hj = Xj and Hi + H2 + H3 = 7 In fact, these last two problems are 
equivalent (meaning that, for given {Xj)j, one of them has a solution if and only if the other one does) and 
this can be shown in a purely symplectic framework (see lAMWOlj ) using momentum maps to translate 
the condition Hi + H2 + H3 — into (i?i, i?2, H3) e /x~^({0}). Therefrom, it seems promising to try to 
think of the Lagrangian problem as a real version, in a sense that will be made precise in subsection 16.51 
of the unitary problem (since a solution to the Lagrangian problem provides an obvious solution to the 
unitary problem). 

6.2 The centered Lagrangian problem 

As a consequence of the above infinitesimal picture, we replace our Lagrangian problem with a centered 
problem, meaning that instead of measuring the angles (Lj, L^+i), we measure the angles {Lq, Lj) where 
io is the horizontal Lagrangian Lq = R" C C" (playing the role of an origin in C{n)). Recall from section 
[2] ftheorem 12.21 and proposition 12. 3p that this angle is measured by the spectrum of aoGj = u*jUj, where 
Uj is any unitary map sending Lj to Lq. We then ask the following question : given I conjugacy classes 
Ci, ... ,Ci C U (n), does there exist I unitary matrices ui, ... ,ui such that u*Uj G Cj and ui . . .ui — 1 ? 
The main observation here is then to see that the condition Spec u^u = exp(«A), for some A G M" (that 
is, w*w lies in some fixed conjugacy class of U{n)) means that u belongs to a fixed orbit of the action of 
Oin) X 0{n) on U{n) given by (fci, k2)-u — fciufc^^, as is shown by the following elementary result : 

Lemma 6.1. For any w, w £ U(n), Specu*w = Spect'*u if and only if there exist (ki, k2) G 0(n) x 0(n) 
such that V — kiuk2^ ■ 

Since we think of the above problem as a real version of some complex problem, we now wish to 
find this complex version, which is done by abstracting a bit our situation to put it in the appropriate 
framework. 

6.3 Complexification of the centered Lagrangian problem 

Let us formulate the centered Lagrangian problem in greater generality. For everything regarding the 
theory of Lie groups and symmetric spaces, especially regarding real forms and duality, we refer to |Hel01| . 
We start with a real Lie group H. Let G = be its complexification and let r be the Cartan involution 
on G associated to H, that is to say, the involutive automorphism of G such that Fix{T) — H. Let U be 
a compact connected real form of G such that the associated Cartan involution 9 satisfies Or = t9. Such 
a compact group always exists and is stable under r. The group H is then stable under 9 and U and H 
are said to be dual to each other (when H is non-compact, they indeed define dual symmetric spaces 
U/{U n H) and H/{U fl H)). Moreover, because of the fact that r is the Cartan involution associated 
to the non-compact dual H of U, the compact connected group U contains a maximal torus T such that 
T{t) = t~^ for all t G T {{U,t) is said to be of maximal rank, see |Loo69) pp. 72-74 and 79-81). Let 
K -.^UnH. Then K = Fix{T\u) C U and K = Fix{9\H) C H. We consider the action oi K x K onU 
given by (fci, k2)-u = kiuk2^ . Notice that if H is compact to start with, then K = U = H and the above 
action defines congruence in U . As for us though, we are interested in the case where H is non-compact. 
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For H = Gl{n,M.), we have U = U{n) and K = 0{n), and we are then led to ask the foUowing question, 
which is a generahzed version of our centered Lagrangian problem : given I orbits Pi , ... , 2?; of the action 
oi K X K on U, do there exist mi, . . . , u/ G C/ such that Uj e Vj and ui . . . ui — 1 7 Observe that, as 
a generalization of lemma I^TTl these orbits are in one-to-one correspondence with the conjugacy classes 
in U of elements of the form t~{u)u, where u is any element in a given orbit V and t^(u) = t{u~^). 
Indeed, this is a corollary of theorem 8.6 in chapter VII (p. 323) of |Hel01| . which we now state under a 
form most convenient for our purposes : 

Theorem 6.2 (Cartan decomposition of U). [HelOl] Let U be a compact connected Lie group and let t be 
an involutive automorphism of U . Let K = Fix{T) C U. Still denote by r the involutive automorphism 
TiT : u = TiU u . Then there exist a subset qo C u such that : 

(i) MX e qo, t{X) = -X 

(ii) each u E U can be written u — ki exp(X)/c2^^ for some ki,k2 £ K and for a unique X G qo- 

Further, if X,Y £ u satisfy t{X) — ~X and t{Y) = —Y, and if there exist u £ U such that Adu.X — Y , 
then there exists k Cz K d U such that Adjj k.X = Y . 

Corollary 6.3. Let u,v £ U. Then there exist (fci,fc2) £ K x K such that v = kiuk2^ if and only if 
T~ {v)v and t^{u)u lie in a same conjugacy class in U. 

Proof. The first implication is obvious. Conversely, write u = fci exp(X)fc^"'^ as in the above theorem. 
Then t^(m) = fc2exp(X)/cf^ (since T{kj) = kj in U and (X) = —t{X) = X in u) and there- 
fore T^{u)u = fc2 exp(2X)A;^^. Likewise, we can write v — k[exp{Y){k!2)^^ and therefore t^{v)v — 
k'2 exp(2y)(/c2)^^- Since {v)v is conjugate to t~ {u)u in U, we see that 2Y is Adjj [/-conjugate to 2X+H 
where H £ u satisfies exp{H) = 1. We then necessarily have t{H) = —H. By using theorem 8.5 in chap- 
ter VII of [HelOlj . we can then write H ^ 2Z with Z Eu satisiying t{Z) ^ ~Z and exp{Z) E K. Then Y 
is Adu [/-conjugate to {X + Z). But t{Y) = -Y and t{X + Z) = -{X + Z), therefore, by the above theo- 
rem, Y and {X + Z) are Adjj if-conjugate. Then we have Y ~ k.{X + Z).k^^ in u for some k E K, so that 
V = fc; exp(F)(fc^)-i = k[kexp{X)eMZ)k-\k'2)-^ = k[kk^\ ki exp(X)fc2~^ ) fa exp(Z)/i;~^(fc^)~^^ □ 

eK =u eK 

Now, to find the complex version of our problem, we apply the same construction to the complex 
Lie group G ~ H'^ viewed as a real Lie group. Then G'^ = G x G is the complexification of G and 
U = U X U E G X G = G^ is a compact real form of G"". Its non-compact dual (which needs to be 
a subgroup of G"^ = G x G) is then H = {{g,6{g)) : g E G} ~ G where 6 is the Cartan involution 
associated to U. The Cartan involution associated to U is 9 : (31,^2) E G 1-^ {9{gi),9{g2)) and the 
Cartan involution associated to is r : ((?i,(?2) ^ (^(52), ^(si))- Indeed, Fix{9) = U, Fix{T) = H and 
9t — t9. Then we define : 

k := unH 

= {{g,9{g))\9{g,9{g))^{g,9{g))} 

= {(5,%)) 

= {{u,u) : u eU} 

(we will also use the notation Ua ■— {{u,u) : u E U} instead of K) and we consider the action of 
kxk = UAxUA on U = UxU defined by : 

((ui,Ml), {U2,U2)).{U,V) = {uiUU2^,UiVU2^) 

Our problem then states : given I orbits Pi, ... , P/ of the above action, do there exist I pairs (ui, vi), . . . , 

{ui,vi) E U — U X U such that {uj,Vj) E T>j and (ui,i;i) (ui,vi) = 1, that is, ui...ui — 1 and 

vi . . .vi = 1 7 

Before passing on to the next subsection, we wish to point out that if we consider the action ot K x K 
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not on U but rather on its dual H, then the orbits of this action are characterized by the singular 
values (Sing/i — Spec {9~{h)h) where h ^ H and 9^{h) — 6{h~^)) of any of their elements. As a 
consequence, our (centered) Lagrangian problem appears as a compact version of the (real) Thompson 
problem, replacing 9 with r in the latter to formulate the former (see [AMWOl] and |EL05| for a proof 
of the Thompson conjecture in the real case). 



6.4 Equivalence between the complexification of the centered Lagrangian 
problem and the unitary problem 

From now on, the initial data is a compact connected Lie group U . For such a group, we can formulate : 
(i) the centered Lagrangian problem (concerning K x if -orbits in [/, where K ~ U Ci H with H the 
non-compact dual of U) (ii) a complex version of this (concerning C/a x J/A-orbits in U x U) (iii) the 
unitary problem (concerning conjugacy classes in U). To show the equivalence of these last two problems, 
the main observation to make is the following one : 

Lemma 6.4. The map 

rj: U xU — > U 

(u,v) I — > u~^v 

sends a Ua x UA-orbit V inU xU onto a conjugacy class C in U . 

Proof. If {u,v) = (uiUqu^^ ,uiVqU2^) then u^^v = U2(uq"^vo)"2^^ so ri{T>) C C where C is a conjugacy 
class in U. Further, let {u,v) G P and take any w G C. Then 3u2 \ w = U2U~^vu2^ so that {l,w) = 
(1, U2U~^vu2^) = {{u2U^^ ,U2U^^), {u2, U2)) . (u, w), hcucc (1, w) G T> , therefore w — r]{l, w) G ri{'D). □ 

It is nice to observe that this map rj may be used to show that a compact connected Lie group U 
is a symmetric space U = {U x U)/Ua (see jHelOlj ). Coming back to the matter at hand, we have the 
following result, that says that the complexification of the centered Lagrangian problem has a solution if 
and only if the unitary problem has a solution (that is, these two problems are equivalent). 

Proposition 6.5. Let T>i, be I orbits of Ua x Ua in U x U and let Ci, . . . ,Ci C U be the 

corresponding conjugacy classes : Cj — rjiVj). Then there exists {{ui,vi), . . . , {ui,vi)) ^ T>i x ■ ■ ■ x Vi 
such that ui . . .ui = 1 and vi . . .vi ~ \ if and only if there exist {wi, . . . , wi) £ Ci x ■ ■ ■ x Ci such that 
Wi . . .wi = 1. 

Proof. Setting {uj,Vj) := (l^Wj) for every j, we see that the second condition implies the first one. 
Conversely, assume that {{ui,vi), . . . , {ui,vi)) £ T>i x ■ ■ ■ x T>i satisfy ui. . .ui = 1 and vi . . .vi = 1. 
Then {ui . . . ui)^^Vi . . .vi — 1, hence uj'^ . . . U2^{u^^vi)v2 . . . = 1, with u^^vi G Ci. Hence : 



eCi 



Setting wi = ^ . . . U2 ^{ui ^vi)u2 . . .ui, W2 = 




gives a solution {wi, ... , w/) to the unitary problem 



In analogy with a result on double cosets of U{n) in Gl{n, C) (which are characterized by the singular 
values Sing (7 = Spec (6*" (g)^) of any of their elements) and dressing orbits of U{n) in {U{n))* = {6 G 
G/(n, C) I 6 is upper triangular and diag{b) G (R*+)"} appearing in [AMWOl] . the above proposition can 
be formulated more precisely in the following way. Consider the action of C/' on I?i x • • ■ x "D; given by 

ifl, ■■■ ,fl)-{{ui,Vi), ... ,{ui,Vi)) = ( (pi.{ui,Vi).lfi2 \ ,(P2-{u2,V2)-f3^, ■■■ , fl.{ui,Vi).lfi'^'^) 
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and the diagonal action of U{n) on Ci x • • • x C; : ip.{wi, . . . ,wi) = {(pwiip~^, . . . ,ipwiLp~^). These 
actions respectively preserve the relations ui . . . ui — vi . . . vi = 1 and uji . . .uji = 1. We may then define 
the orbit spaces 

Mf, {{{uj,v,))^ eViX---xT>i I ui-.-Ui =vi...vi = l| 

and 

Mc = e Ci X • • • X C/ \ wi . . .wi ^ 1} / jj 

And we then have 
Proposition 6.6. The map 

T?^') : T>ix ■■■ xT>i — > Cix ■■■ xCi 

{{ui,Vi), . . . , {ui,Vi)) I > {u'[^ . . .U2^{u^^Vi)u2 ■■■Ui, ... , )u/ , U^'^Vl) 

induces a homeomorphism Mf, — Mc- 

We will not use this result in the following so we do not give the proof, which is but a consequence 
of the above. We point out the fact that this result reinforces the analogy between our problem and 
the Thompson problem. We now wish to explain in what precise sense the Lagrangian problem is a real 
version of these two equivalent problems. 

6.5 Solutions to real problems as fixed point sets of involutions 

The important idea of thinking of possible solutions to a real problem as the fixed point set of an 
involution defined on the set of possible solutions to a corresponding complex problem is well-established 
in symplectic geometry and is due to Michael Atiyah and Alan Weinstein (see |Ati82|lDui83| and [LR91| ). 
In fact, the idea is that the set of possible solutions to a complex problem carries a symplectic structure and 
that the corresponding real problem is formulated for elements of the fixed point set of an anti-symplectic 
involution defined on this symplectic manifold. Examples of results obtained using this idea include the 
(linear and non- linear) real Kostant convexity theorems (see |Dui83[ ILR91p and the real Thompson 
conjecture (see |AMW011 IEL05| ). Although we will have to replace symplectic manifolds with quasi- 
Hamiltonian spaces for technical considerations, the above idea plays a key role in our approach. Keeping 
this in mind, we will eventually define an involution on the quasi-Hamiltonian space Ci x • ■ • x C/. 
But, to explain how this involution is obtained, we will first work on the product Vi x ■ ■ ■ x Vi oi I 
Ua X J7A-orbits inU x U. ^ 
The key here is to try and see the K x i^-orbit of w G ?7 as a subset of some C/a x ?7a -orbit V C U x U . 
This is done by observing that w G P is equivalent to t~ {w)w e C which in turn is equivalent to 
{t{w),'w) E v. Indeed, the first equivalence is corollarv l6.3( where C is defined as the conjugacy class of 
(w)w for any w eT?. Then we know from lemma WM that C = ?7(2?) where T) is the J7a x J7A-orbit 
of (l,T^(w)w) ~ (r('u;), w), which gives the second equivalence. In order to obtain elements of the form 
{t[w), w) as fixed points of an involution, we set 

a: U xU — > U xU 

{u,v) I — > {t{v),t{u)) 

Then = Id and Fix{a) = {{t{v),v) \ v G U} ~ U. In particular, Fix{a) is always non-empty. 
Moreover, we have : 

Lemma 6.7. a{T)) — V, so that a defines an involution on T), whose fixed point set is isomorphic to V 
and therefore non-empty. 

Proof. If (u,w) e P, we have 7y(a(u,w)) — t^{v)t{u) — t(v^^u) — (u^^v). But if w E U, then 
(w) is conjugate to w. Indeed, since r comes from the Cartan involution defining the non-compact 
dual of U, there always exists a maximal torus of U which is fixed pointwise by t~ (see |Loo69) . pp. 
72-74 and 79-80), and w is conjugate to an element in such a torus : w = ipt(p~^ with T~{t) = t so 
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that T (w) = T{(p)tT{(p ^) = T{ip)(p ^wipT{cp ^) (observe that when U — U{n) then r iw) = w* and aU 
of this becomes clear). Thus 7y(a(w, w)) — t{u^^v) and u^^v = ri{u,v) lie in the same conjugacy class 
C = 'ri{'D), so, by lemma we have indeed a{u, v) G 2?. From the remark preceding lemma WI7\ we see 
that Fix{a\^) □ 

On the product Pi x • • • x of Z [/a x J/A-orbits in t/ x [/, we can therefore define the involution : 

q;(') : T>ix ■■■ xVi — > Vi x ■ ■ ■ x Vi 

{{ui,vi), . . . ,{ui,vi)) I — y (^(t(ui),t(ui)), . . . , (t(u/),t(u/))) 

Observe that its fixed point set satisfies Fix{a^^^) ~ T>i x ■ ■ ■ x T>i and is therefore non-empty. We then 
have the following result, which says that the centered Lagrangian problem has a solution if and only if 
there exists a solution of the complexified problem which is fixed by a^'-* : 

Proposition 6.8. Let T>i, ... ,2?; be I K x K-orbits in U. For every j G {!,..■ ,0; ^"^^ 
conjugacy class of {w)w where w is any element in Vj, and let Vj be the corresponding Ua x U^-orbit 
inU xU (i.e., such that rj[T>j) — Cj, where rj{u, v) ~ u^^v). Then there exist {wi, . . . , w/) G I?i x • • • x P/ 
such that Wl . . .Wl = 1 if and only there exist ((ui, wi), ... , (w;, w/)) G Pi x ■ • • x P/ such that Ui . . .ui = 1, 
Vl . . .Vl ~ \ and Uj = T(v.j) for all j G {1, . . . , Z} (that is, {{ui, Vi), ... , (m;, vi)) G Fix{a^'''^)). 

Proof. For a given {wi, . . . ,wi) G Pi x • • • x P/ \ wi . . .wi = 1, set {uj,Vj) := {T{wj),Wj). By lemma 
16. 4i [uj, Vj) then belongs to Vj and we have indeed ui . . .ui = vi . . .vi — 1. Conversely, for {{uj, Vj))j G 
Pi X • • • X P; \ ui . . . ui — Vl . . . Vl = \ and such that Uj — T{vj) for all j, set Wj :— Vj. Then wi . . .wi — I 
and T^{wj)wj = uJ^Vj G Cj, so that, by corollarv l6.31 Wj G T>j. □ 

This type of result is exactly why some given problem (A) is called a real version of another problem 
(B) : if Sc denotes the set of solutions to problem (B) (we assume that Sc ^ ^) and iSr the set of 
solutions to problem (A), then there exists an involution a on some space M ^ Sc, whose fixed point set 
is non-empty, such that ^Sr 7^ iff 5c n Fix{a) ^ 0. 

The question then is : what is the real version of the unitary problem ? Given what we have done so 
far, we see that giving an answer to this question amounts to defining an involution /J^'-* on Ci x • • • x C; 
such that o — rf-^") o a'-'-', where Ty'-'-' : Pi x • • • x P; ^ Ci x • • • x C; is defined as in proposition [Hill 
so that r]{Fix{a'^^^)) C FixlP^^'^), which in particular implies that Fix{P^'''') 0. The only possibility is 
then to set, for any {wi, . . . , wi) G Ci x ■ ■ ■ x Ci : 

P'^^\wi, . . . ,wi) = {t^{wi)...t^{w2)t^{wi)t{w2)...t{wi), ... ,t^{wi)t^{wi^i)t{wi),t^{wi)) (1) 

We then have the following result (proposition 16. 9p . along the lines of proposition 16.61 As earlier, we see 
that the group acts on Fix{a^'''' ) and preserves the relations ui . . . ui = vi . . . vi — 1. Likewise, K acts 
diagonally on Fix{(3^^^), preserving the relation wi . . .wi = 1. We may therefore define : 

7W| := [{{u3,Vj)). gPi X ••• xP; I Wl...?/; =t;i...w; = 1 and {{uj,Vj))^ G Fij;(a('))| 

and 

= {{^3)3 eCiX ■■■ xCi\wi...wi = 1 and {wj)j G Fix(/3('))} 

We then have : 

Proposition 6.9. The map •q'^^^ : Pi x • • • x P; ^ Ci x • • • x C; induces a homeomorphism ~ JV[^ . 

Again, this is an analog of a result in |AMWOl| . which justifies that we may consider our Lagrangian 
problem a compact version of the Thompson problem. We may now move on to the main results of this 
paper. 
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6.6 The set of ao-Lagrangian representations 

Let Ci, . . . ,Ci he I conjugacy classes in U [n) such that there exist {ui, . . . , u/) £ Ci x • • • x C/ satisfying 
Ml . . .U/ = 1. 

Definition 6.1. The representation of 7ri(S'^\{si, . . . , s/}) corresponding to such a {ui, . . . , ui) is said 
to be Lagrangian if there exist I Lagrangian subspaces Li, ... , Li of C" such that, denoting by <Tj the 
Lagrangian involution associated to Lj, we have Uj = <7jaj-i-i for all j € {1, ... ,1} (with crj+i = (Ti). It 
is said to be ao-Lagrangian if it is Lagrangian with Li — Lq :— R" C C". 

Recall that two representations ... ,ui) and ... ,vi) of 7ri(5^\{si, . . . , s;}) are equivalent if 
and only if there exists a unitary map (p € U{n) such that ipujip^^ — Vj for all j £ {1, ... ,1}. Since 
(7^(i) = (paL(p~^, we have that any representation equivalent to a Lagrangian one is itself Lagrangian. In 
particular, since for any Lagrangian L G C{n) there exists a unitary map (p £ U{n) such that (p{L) — Lq, 
we see that a given representation is Lagrangian if and only if it is equivalent to a uo-Lagi'angian one. 
We now define the map : 

P: Cix ■■■ xCi — > Cix ■■■xCi (2) 
(ui, I — > {ul'^ . . .u:^'^u\u2 ■ ■ -Ul, ■ ■ ■ ,uj'^u\_{uu u\) (3) 

(see equation ([1]) in the previous subsection for motivation : when U — U{n), t{u) = u). Observe that /3 
is an involution (for I — 3 one easily sees that — Id) and that Fix{f3) ^ (one may for instance pick a 
diagonal element Uj in every Cj and then (3{ui, . . . , u/) = (ui, . . . , u;)). Also, we have the compatibility 
relations (see theorem 15. 2|) P{ip.{ui, ... ,ui)) = Tp.p{ui, ... ,ui) and fi o /3(ui, ... , u/) = u^^ . . . u^^ = 
(/^(mi, . . . where /i is the product map /i(Mi, ■ ■ ■ ui) = ui. . .ui on Ci x • ■ • x C;. Finally, we 

consider the Euclidean product on the Lie algebra u(n) given by (X | y) — tr{XY*) = —tr{XY). In 
particular, the map t : X G u(n) i—>- X € u(n) is an isometry for this scalar product. We may now state 
and prove the following characterization of co-Lagrangian representations : 

Theorem 6.10. Given I conjugacy classes Ci, ... ,Ci of unitary matrices such that there exist {ui, . . . , 
Ul) G Ci X • • • X C; satisfying ui . . .ui = 1, the representation of 7ri(S'^\{si, . . . , si}) corresponding to 
such a (mi, . . . , ui) is a^-Lagrangian if and only if P{ui, . . . , ui) = (ui, . . . , ui) (see equation ^ for a 
definition of j3). 

We could as well have defined (3 onU (n) x ■ ■ ■ xU (n) and obtained a similar result but we deliberately 
stated our result this way, as it will be more appropriate to work with the quasi-Hamiltonian space 
Ci X • • • X Ci in the following. 

Proof of theorem 1 6. 1 (A Let us start with (ui, . . . G Fix{f3), that is : 

Ul = Ul 
Ul = U2 

. . . U-,_\m*% + i ...Ul = Uj 

ul^u\_{Ui = U;_i 
ul = Ul 

Ul (so that Ul = u^^), (ui-iui)* = (u^^ul^-^uiui)*^ = (ufuf_i)* = ui-iui, 
.ujl^u^Uj+i ...Ul.. .u'['^u\_{aiUiY = {u\u\_^ . . . w*_|_iU*)* = Uj ...Ul, and 
U2^u\u2 . . .uiu^^uj^-^uiui)^ — (it*u*_-^ . . . u|mi)* — Ui . . . Ul . To these I symmetric 



u^ . . .U2 u\u2 . . . 

Uf^ . . . U^^U2U3 . . . 



Then we have u* = 

{uj...ui)^ = [ur^ ■ 

{ui . ..Ul)* = {u7^ . . 



15 



unitary matrices we can associate, by proposition 12. 3[ I Lagrangian subspaces 



Li 
L2 



{U2 ■ 



. Ul)Z 

. uAz 



0} 
0} 



{ze 



■Ul)Z 



0} 



Li-i 
Li 



:= {ze 
:= {ze 



z - {ui^iui)z = 0} 
z — uiz ~ 0} 



and denote by aj the Lagrangian involution associated to Lj. Let us now assume that {ui, ... ,ui) satisfy 
the full hypotheses of the theorem, that is, that we have ui .. .ui = 1. Then Li = Lq. Therefore, by 
proposition 12. 3[ since Li — {z — ufz = 0}, we have crjcro = m;, that is, crjo'i — ui. Further, since L2 = 
{z — {u2 . ■ - UiYz — 0}, we have (J2<^o = U2 ■ ■ ■ ui — u^^ hence ui = aia2- Finally, for all j e {2, ... ,1 — 1}, 



since (uj . . .uiY 



'jLj . . .Ul, there exists, by proposition 
.Ul, and we then have (pj{Lo) = Lj. Set L'j 
denote by a'^ and cr^_|_i the associated involutions. Then : 



a unitary map (pj e U{n) \ — Lpj and 
V2^{L]) = Lq and L'^^^ = Lp'j'^ {Lj+i), and 



L'j+i = {z\ipj{z) eLj+i} 

= {z \ ipj{z) - Uj + l . . .Ulipj{z) = 0} 
= {Z I ^]{z) - Uj + l ...Ul (z) = 0} 



{z \ z - {(fj ^Uj+1 . . - unp^ ^)z = 0} 
but {ipj'^Uj+i . . .uiipJ^Y = Vj^Uj+iipJ^ since (ipJ^Y = = Vj^ and = uj+i 



■UlLp- 



Sincc ip, — u 



■Ul, 



■Ul. 



we then 



Therefore, by proposition 12.31 we have a'jj^ia'j — ipj ^uj+i . . . ^.^^^ 
have ipJ^Uj+i . . .uitpj^ — ipj^{uj^ip'j)ipj^ — ipj^uj^ipj, therefore uj^ — ipja'j_^iC7'jtpJ^ — o-j+iCj since 
Lj — ipj{L'j), Lj^i — ipj{L'j^i) and o'^(l) — ipaL^-i- Hence uj = ajCTj^i and the representation of tt 
corresponding to (ui, . . . ,ui) is co-Lagrangian. 
Conversely, assume that a given representation (ui, 



,ui) is (To-Lagrangian. Then ui 
observe that for any unitary map u, one has u = aouao, therefore here = u^^ = 
<yQ{(Ti(Toy^(7Q = croi(7o(7i)ao = aiao = ui. Likewise : 



■ criao. 

aou^^ao 



Now 



Ui ^u\_-i^ui 



{aaUi Vo)(croM;_\cro)((ToMiCro) 

0'o(o'oCr/)((T;(T/_i)(cr/Cro)CTo 
"■/-if/ 

Ul-i 



and so on, until 



. U2 ^u\u2 . ..Ul 



O'o(a'ocr;) . . . ((T30'2)(o'2 0'l)(o'2f3) • ■ ■ (o'3fo)o'o 

(7ia2 

Ul 



so that ... ,ui) = {ui 



,ui 



□ 



We can then characterize those among representations of 7ri(S'^\{si, ... ,si}) which are Lagrangian 
in the following way : 
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Corollary 6.11 (Characterization of Lagrangian representations). Suppose that one of the Cj is de- 
fined by pairwise distinct eigenvalues and let ui, . . . ,ui be I unitary matrices such that Uj G Cj and 
U1...U1 = 1. Then there exist I Lagrangian subspaces Li, ... , L/ 0/ C" such that ui — <7icr2,U2 = 
cr2(73, ... ,ui = (T;tTi (where (jj is the Lagrangian involution associated to Lj) if and only if (3{ui, . . . ,ui) 
is equivalent to (wi, ... as representations of tt. In this case, if %p is any unitary map such that 
. . . ,ui) = {^Ui%Ij~'^ , . . . ,ipui''P~^) then i/i* = -0 and if ip is any unitary map such that Lp^Lp — tp 
then the representation of n corresponding to {(puiip^^, . . . ^ipuiLp"^) is aQ- Lagrangian. 

Proof. Suppose first that ui = cricr2i • • • j = ct/CTi. Take tp G U{n) \ p{Li) ~ Lq. Then p.(ui, . . . , u/) is 
(To-Lagrangian, hence (ui, ... = P-{ui, ... hence Tp.l3{ui, ... ,ui) — p.{ui, ... ,ui) hence 

/3(ui, ... ,ui) — {Tp^'^p).{ui, ... ,ui) ^u{n) (""ij ■ ■ • I ui). Observe that Tp^^p = p^p is symmetric. 
Conversely suppose that 3 V' G U(n) \ P{ui, ... ,ui) = tp-i^i, ... and assume first that the conju- 
gacy class Ci is defined by pairwise distinct eigenvalues. Write ui = vdv~^ where d is diagonal. Then, 
since f3{u) = il>.u, we have in particular 'ipui'ip~^ = uj, from which we obtain 'ipvdv~^'ip~^ = = 
{v*)~^dv'^, so that {v'^ipv)d{v'^ipv)~^ = d. Since d is diagonal with pairwise distinct elements, is itself 
diagonal and therefore symmetric, so that ■0 is symmetric. If now it is a different Cj which is defined by 
pairwise distinct eigenvalues, say C;_i, then consider the representation {ui,ui, . . . ,ui-i) : it is indeed a 
representation of tt since the relation iti . . . = 1 is invariant by circular permutation (as can be seen by 
conjugating by ui) and via this transformation ip.(ui, . . . ,ui) is sent to ^.{ui,ui, . . . The repre- 

sentation (ui,ui, . . . is Lagrangian iff (ui, . . . ,ui) is Lagrangian. We can define a corresponding 

(3 accordingly and proceed as above to show that ■0 is indeed symmetric. 

Now, to conclude, let p be any unitary map such that p^p = ijj (such a map always exists by proposition 
I2.3p . Starting from P{ui, ... ,ui) = ip.(ui, ... ,ui), we obtain {p*-)~^ .(5{u) = p.u, hence (3{p.u) = p.u 
so that, by theorem I6.10[ p.{ui, ... ,ui) is cTQ-La-grangian. Hence [ui, ... ,ui) is Lagrangian, with 
Li=(^-i(io)- □ 

Before passing on to studying Lagrangian representations in the moduli space, we would like to 
point out that if a representation u is irreducible then so is /3(m) and, more interestingly maybe, that 
it is possible to characterize Lagrangian representations with arbitrarily fixed first Lagrangian Li in 
a way similar to theorem 16.101 In order to do so, we define, for a given Lagrangian subspace Li, 
the involution /9li (^i, U2, ""3) '■— {<7iu^^U2^u^^U2Uz<yi,criu^^U2^u^(Ti,aiu^^ai) (remember that when 
Li — Lq, aQuag = u). If we write Li — p{Lq) for some p € U(n), we obtain (3li{u) = {pp*).l3{u) (this 
does not depend on the choice of p such that p{Lq) = Li as seen from the argument used in proposition 
12. 3p . Finally, it was proved in |FMS04j that when n — 2 and 1 — 3, every (two-dimensional) unitary 
representation of 7ri(S'^\{si, S2, S3}) is Lagrangian : this is because in this case the moduli space is a 
single point (it is zero-dimensional and connected), so that the submanifold consisting of Lagrangian 
representations is the point itself (see |FW06j for dimensions of moduli spaces of representations). As a 
matter of fact, we believe that the characterization of Lagrangian representations as representations u 
satisfying f3{u) '^u(n) u is true even without the (generic) assumption made on the Cj but we have been 
unable to prove it so far. One would only need to show that if (3{u) = -0.?/ for some g U{n) then there 
exists such a ip which is symmetric. In the remainder of this paper, we will assume that one of the Cj is 
defined by pairwise distinct eigenvalues, so that coroUarv 16.111 holds . 

Remark (Addendum - 26.07.06). As a matter of fact, corollary 16.111 does hold without any assumption 
on the conjugacy classes Cj and a proof of this is availablle in |Sch05j . 

6.7 Lagrangian representations in the moduli space 

Recall from section 2] that the moduli space of unitary representations of tt = 7ri(S'^\{si, ... ,s;}) is 
the quasi-Hamiltonian quotient Aic = 1^~^{{^})/U{n) where /i : Ci x • • • x C/ — > U{n) is the product 
map. Since the involution (3 we constructed on Ci x • • • x C/ in 16.61 satisfies P o fi = o ji (where 
t{u) ^ u on U(n)), (3 preserves /x~^({l}) and since (3{ip.u) = t{p).(3{u), 13 induces an involution (3 on 
Mc = /^~^({1})/J7(n) given by j3{[u]) = [P{u)]. Observe that if is defined as in the end of the 

previous subsection by /J^ = {pp*).(3 (where p £ U{n) satisfies p{Lq) ~ L) then — (3. Furthermore, 
if [u] G M-c is the equivalence class of a unitary representation of tt, then it is Lagrangian if and only if 
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any of its representatives is Lagrangian (for, if Uj — UjOj+i, then ipujip ^ = u'^u'^j^i where L'^ = ip{Lj), for 

any G U{n)). CoroUarv lG. 1 II then shows that a given [u] G A4c is Lagrangian if and only if = [u]. 

We then have the foUowing result, which is a direct consequence of theorem 15.21 

Theorem 6.12. The set of equivalence classes of Lagrangian representations of ir — 7ri(S'^\{si, . . . , si}) 
is exactly Fix{P). It is a Lagrangian submanifold of the moduli space Mc = Homc(7r, C/(n))/[/(n) of 
unitary representations of t: (in particular it is always non-empty). 

To apply theorem 15.21 the only condition left to check is that f3*uj = —oj, where w is the 2-form 
defining the quasi-Hamiltonian structure on Ci x • • • x C; described in section 31 Actually, we also need 
to check that Fix{f3) ^ 0. As indicated before theorem 15. 3[ this is always true for an involution f3 which 
satisfies the hypotheses of theorem 15.21 and which has fixed points itself, but since this paper does not 
contain a proof of this fact, we instead refer to theorem 1 of |FW06| . which we state here. 

Theorem 6.13. I FW06j Let Ci, . . . ,Ci be I > 1 conjugacy classes in U{n) such that there exist (wi, . . . , 
ui) G Ci X ■ • • X C; satisfying ui . . .ui ~ 1. Then there exist I Lagrangian subspaces Li, ... , Li o/C" such 
that (TjCTj+i G Cj for all j G {1, ... ,1}, where a.j is the Lagrangian involution associated with Lj and 
where ct;+i — ai . 

This shows that Fix{P)r\iJ,~^ ({1}) 7^ as one can construct, from the Lagrangian representation [ujOj+ijj 
whose existence is guaranteed by the theorem, a iTo-Lagrangian representation (CT^cr^^j)j G Fix{(3) by 
applying ip £ U{n) such that (p{Li) = Lq- 

Proof of theorem ] 6.1^ As observed, we only have to check that = —lo. We prove it by induction on 
I. For / = 1, we have, for any X,Y £ u (denoting [X]u = X.u — u.X G T„Ci), 

uJu{[X]uAY]u) = ]^{{Adu.X\Y)- {Adu.Y \X)) 
as well as /3(u) = t{u^^) and r„/3.[Ar]„ = [t(A')]^(„-i). Therefore : 

(l3*uo)u{[X]u,[Y]u) - uJi3iu){TuP\X]u,Tul3.[Y]u) 

= \ ({AdT{u-^).T{X) I t{Y)) {AdT{u-^).r{Y) \ t{X))) 

= \ ({T{Ad^r\X) I r(r)) - {T{Adu-^Y) I t{X))) 

Since r is an isometry for (. | .), we then have : 

{(i*^)u{\X\uAy\u) = ]^{{Adu-^.X\Y)-{Adu-^.Y\X)) 

= \^{(X\AduY)-{Y\ Adu.X)) 
= -Cc;„([X]„,[y]„) 

To complete the induction, we will use the following lemma, which is general in nature and can be used 
to construct form-reversing involutions on quasi-Hamiltonian spaces. 

Lemma 6.14. Let (Afi,wi,/Lti : M\ —>■ U) and {M2,oJ2, 1^2 ■ M2 — > U) be two quasi-Hamiltonian U- 
spaces. Let t be an involutive automorphism of {U, (. | .)) and let (3i be an involution on Mi satisfying : 

(i) f3*LL>i = -uji 

(ii) Pi{u.Xi) = T{u).Pi{xi) for all u £ U and all Xi G Mi 
(Hi) fi^ o /3i = T~ o fii 
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Consider the quasi- Hamiltonian U -space {M := Mi x Al2,uj uji (B UJ2 + ^ f^2^^)il^ ■— /^i ' M2) 

mi/i respect to the diagonal action of U) and the map : 

/3:= ((/^2o/32)./3i,/32) : M M 

{xi,X2) I > {(P2° P2{x2))-l3l{xi),f32ix2)) 

Then (3 is an involution on M satisfying : 
(i) (3*uj = 

(ii) P{u.x) ~ t{u).[3{x) for all u and all x G M 
(Hi) fi o (3 — o fi 

We postpone the proof of the lemma and give the end of the proof of theorem 16.121 To complete the 
induction, all one has to do is check that our involution P — (3'^^^ (see ([T|)) on the product Ci x ■ • • x C; 
of I conjugacy classes is indeed obtained like in the lemma starting from the form-reversing involution 
^(1) ;= : u M* on each single conjugacy class. This is easily checked since on Ci x C2 : 

/3(2)(ui,U2) = {ui^^u\ui,u\) 

= ((/x2o/3(i)(u2))./3(in"i),/3^''("2)) 

and on Ci x (C2 x C3) : 

' {{1^2 ■ l^s) o (3^'Hu2,u,)).(3^'\u,),f3^^\u2,u-,) 



and so on. It is of course the very form of the involution (3 which inspired the formulation of the 
lemma. □ 

Proof of lemma \6.14\ First, we have : 

,X2)) = (^(^2 0/32 {132 (2:2)) ) ( (M2 O 132 {X2)) ./?! (a^l)) , 132 {(32 {X2)) 

{fi2 {X2)) ■ (t(m2^o£2(x2)) (^1 ^ , X2 

= T-OfJ.2 

= ((A^2(a;2)) (^2(2^2)) ^.Xi,X2^ 
= {xi,X2) 

so that /3 is indeed an involution. Second : 

(3{u.Xi,U.X2) = {H2° (i2{u.X2).(3l{u.Xi),(32{u.X2)) 

IJL2{t{u).(32{x2)) ■ {t{u). (3i{xi)) ,t{u)P2{x2^ 



r(ti)/i2 (/32(2;2))t(u) 1 

{u).(^{^2 O (32{X2)) ■Pl{xi)^ ,T{u).f32{x2) 

t{u).(3{xi,X2) 



19 



and : 

= (^^J-2° fi2{x2)fJ-lO Plixi){^2° f32{x2)) (^fJ-2 O P2{x2) 

= o ^2(a;2)T" o ^i(xi) 
= o (^1 • ^2)(a;i,a;2) 

= t"o^(xi,X2) 

So the only thing left to prove is that /3*u! = —u. Let us start by computing T/3. For all {xi,X2) £ M, 
and all (wi,f2) '■— ji\t=o{xi{t)TX2{t)) (where Xi(0) = Xi), one has : 

7'(xi,a:2)/3-(t'l,W2) = ^\t=o{{^^^2 P2{x2))-I^l{xi{t)),l32{x2{t)fj 
= (^{^i2 p2{x2)).\^{6l_^p,_(^^){T^^^^^ 

Recall indeed that if a Lie group U acts on a manifold M then : 

^|t=o {ut-xt) = uq.xI^ +uo.(^|t=o x^ 
where X e u = Lie{U) is such that ut — uq exp{tX) for all t, that is : 

Let us now compute ©^2)- We obtain, for all {xi,X2) G M and all {vi,V2), (^1,^2) G 2^(2:1, xa)-^ • 

(/3*(W1 ®W2))(^^^^^)((W1,W2),(W1,W2)) 

{fi2oP2(x2)).U0j:,o^,^,,){T.Af^2oP2).W2)y^^^^^ (5) 



(^) 



+ {i^2)p^(x2){Tx2P2-V2,T^2P2-W2) 



Since uji is J7-invariant, we can drop the terms /i2 o (32{x2) £ C/ appearing on lines ([4]) and ([5]). Further, 
since = —loi and /3*a;2 = — i-l;2, we have, by the I = 1 case : 

(A) + (B) = -{wi)xi{vi,Wl) - {W2)X2{V2,W2) (6) 

= -(CJI © W2)(a;i,X2)((^^l>^'2), (W1,W2)) (7) 

The remaining terms on lines ([4]) and ([5]) then are : 

(w'l)/3i(a:i)(^(^'^'20/32(a:2)(T'a;2(/^2 o/32).f2))^^^^^^ ,T^i/3l.Wl^ (8) 

+ KkK)(7^.i/^l-^l,(^^.o&(..)(7^x.(A^2 /32).^«2))^^^^^J (9) 

(T,,(Ai2 0/32).W2))^^^^^^,(^^,o&(.,)(7^x.(Ai2 /32).l«2))||^^^^^J (10) 
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and we notice that each of these three terms is of the form Lx»i^i = 5/^1 (^''^ + \ X) for some X £ u. 
To facihtate the computations, we set, for i = 1,2 : 



9i 



= [3i{xi) e u 



We can then rewrite hnes ([8]), ([9]) and ((T0| under the form : 

\{o^,Am) + el{m)\eU^2)) (ii) 

(1) c 

-\{9ii^+0li^\ei{V2)) (12) 

(2) D 

(^92 ('72)-5i - 9i-0^g, im)) + ^f, (^g. (^2)..gi - gi.e^g, (m)) I ^^s"; (C2)) (i3) 

where the expression for the last term follows from the equivariance of /ii : 

T^/3l(^l)Ml-«o&(.,)(7^x.(Ai2 o/32).W;2))Jj^(^^) = (^M20/32(x.)(T^-2(M2 0/32).U'2));;^„^^(^^) = (^3,(^/2)) 

(where X~ = X.u — u.X is the value at u of the fundamental vector field associated to X e u by the action 
of U on itself by conjugation). We can simplify the expression in p3p further by using the definition of 
O'" and 9^ and the Ad-invariance of (. | .) : 

m = \{Ad9^\6^g^{^2)-Adg,.6^g^{^2)\e^g,{(:2)) (14) 

= ^(^3.(^2)|Ad5l<(C2))-^(^d5l<(^2)|^?,^,(C2)) (15) 

Let us now compute P*(pL{0^ /\ ii^O^). 

{p^pLie^^ ^^,le''))^^^^^^^{{v^,v^),{wuw2)) (i6) 

- (/i^e^ AM;0^)(^^^^^^^^^^^^^^^^_^^^^^^^(r(,,,,,)/3.(«i,«2),r(,,,,,)/3.(u;i,i«^ (17) 



92Ml(/3l (a;i))92 



1 



-2VV.fe.ft(.o(^r'-ft(-OA'i-(A*2o/32(x2)).{(0,^,(ry2))J^(,^)+r,,/3i.z.i})|0^^^ 

Since is equivariant, we have, for any v G T^^^^j-jMi : 

Tg^.|3^{x^)^J■l■{^^2° P2{X2))-V = (a*2 o/32(a;2)).(r^i(xi)Aii-i^) 
where the action in the right side term is conjugation. We then have : 
1 



la = 



1 



52 9132 



1^ _ 
92 9192 



1 (52-(j>i(a;i)/ll. ((^52(C2))J,(,,)+r.,/3i.«i))..g2-^) |^?,^,(ry2)j (19) 
i(52.(r^,(.,)Mi.((es''2(^2))J,^(,^) +T.i/3i.u;i)).52-^) |0,^,(C2)' 
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- \ [9291^92^92 ■ {Og^ im ) -91 

= ^[Adg2AdgY\0^^{C2) \ 9^^) i (Adg^.^,^, (C2) | ^^,(^2)) + ^^Ad g^M^.iCi) \ 9g{m)) (21) 

-i (Ad .92 Ad .91-1.0^^,(772) I <,(C2)) + l(Adg2.e^,{v2) I ef,(C2)) - l{Adg2.ei{m) I 0f.(C2)) 

= ^(0,^,(C2)|Ad.gi.0^^,(^2)) -^(e,^,(C2)|0,^,(^2)) +i(0,^,(Ci)l^,^^^ (22) 

(30 (4) (20 

I Arfffi.e,^,(C2)) + ^(e,^,(r/2) I e^^iG)) l{e^Am) I ^^^,((2)) 

V ' v ' " V ' 

(30 (40 (!') 

(to obtain this last expression, one uses the Ad-invariance of (. | .) and the fact that Adg^^ ° ^92 ~ ^g^^' 
Observe that (4) and (4') cancel in the above expression. Likewise, (!'), (2') and (3') in cancel 
respectively with (1), (2) in (fTTjl and p2|) and with (fTSjl when computing the sum P*{ijJi (BLU2) + l3*{fj,l9^ A 
1X26^) ■ The non- vanishing terms in this sum are therefore {A) and {B) from ((6]) and (C) and {D) from 



(fTT|) and ini), so that : 

{l3*uo)^{v,w) (23) 

= {(3*{LO^®uJ2))^{v,w)^{P*{^xl9'^ ^^xl9''))^{v,w) (24) 

= (A) + (i?) + (C) + (Z?) (25) 

= -{uj,®L02Uv,w) - \({el{Ci)\9'^g^{m)) - Kim)\oiiC2))) (26) 

But fii o Pi ~ o fii^ so that : 

K(.Ci)\9^M)) = «,oft(-i)(^-i(^i°/3i)-^i)l^^2ofe(..)(7^x.(A'2°/32).^«2)) (27) 

= (^f-o^,(x0(r-i(^"°A^l)-^'l)l^r-op,(.,)(7^x.(^"°M2).^«2)) (28) 



and T = Jnt; o r, where Jrtw : m ^ u ^ is inversion on [/, so T^r = — t (M).(r,iT.^).r (it). Hence : 

9?-iu)iTuT-.0 = f?f-(„)(-r-(^).(T„r.C).T-(^)) 
= -Sriu)iTur.O 

(and likewise 6^ changes into 6^). Since in addition to that r is a group automorphism and an isometry 
for (. I .), the expression (p8|) becomes : 

m = (0f(^^^^^^)(T,,(.,)r.(T.,^i..i)) |ef(^^(^^))(r..(..)r.(T..A*2.^2))) 

= (rir.(^?^^(,^)(r,,/ii.t-i)) |rir.(^?^,(,,)(T,,A^2.zi^2))) 
= (^?^,(x,)(r-iMi-^^i) lC(.,)(T..M2.^«2)) 

= (K^^^k(^i)l(M;O..K)) 



-5i.^,^,(C2))..g2-M<.('72)) + 2(.925^VVCi.52-M^f.('72)) (20) 

=e«^i(Ci) 

- 51-^9, (^72)) .92' I (C2)) + I (929£92j2^-92^ I (C2)) 

=ej,(m) 
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so that we have : 

iP*LjUv,w) = m 

= -(wi © W2)x(w, w) - {^J*l9^ A ^ilO")x{v, w) 
= -ujx(v,w) 

which completes the proof of lemma 16.141 □ 

Remark. As a last comment on theorem l6.12[ we would like to say that even if we drop the assumption 
on the conjugacy classes, the set of equivalence clases of Lagrangian representations is still a Lagrangian 
submanifold of M.c- Indeed, it is always contained in Fix{(3), and therefore it is isotropic, and its 
dimension is half the dimension of Aic (see |FW06] ). With our hypothesis on the Cj, the upshot is that 
we are able to show that this Lagrangian submanifold is exactly Fix{f3). 

The main tool to obtain theorem 16.121 was theorem 15. 2[ which is very general. It may for instance 
help to find Lagrangian submanifolds in the moduli space of polygons in S^, which also admits a quasi- 
Hamiltonian description (see [Tre02| ). In fact, in |Tre02| . the symplectic structure of the moduli space 
of polygons with fixed sidelengths in ~ SU(2) is obtained by reduction from the quasi-Hamiltonian 
space Ci X • ■ • X C/ where Cj is a conjugacy class in SU{2), so that our involution /? can be defined in 
this context. In analogy with results in [FH05| . the fixed-point set of this involution should consist of 
polygons in which are contained in the equatorial S"^ C (I would like to thank Philip Foth for 
suggesting this to me). 

6.8 The case of an arbitrary compact connected Lie group 

To conclude, we wish to explain, using the description of U (n) given in section [2l how to make the 
notion of Lagrangian representation make sense when the compact connected Lie group U at hand is not 
necessarily the unitary group Uiri). We suppose that such a group U is endowed with an involution t 
leaving a maximal torus of U pointwise fixed (for instance the Cartan involution defining its non-compact 
dual), and we define an action of Z/2Z = {1, ctq} on U by co-w — t{u). We then consider the semi-direct 
product U X Z/2Z for this action. Recall that if [/ = U{n) and t(u) = u then U{n) x Z/2Z = U{n) ~ 
U{n) U U{n)(TLg- Under this identification, ao-u — t{u) —u = (tlqUULo and the Lagrangian involutions 
are the elements ctl = ^•^'(io) = V<^LoV~^ = {vcfloV^<^Lo)<^Lo = (w"^)o-Lo = ivV*)<^Lo <-> {w^,<^La) e 
U{n) X Z/2Z. Observe that the element tpip*- does not depend on the choice of (^a G U{n) such that 
L = ifi^Lo), as was shown in proposition [231 Thus, we see again that the elements of order 2 that we are 
interested in are in one-to-one correspondence with the symmetric elements of U{n). In the general case, 
the elements of order 2 that we are interested in are the elements (w, CTq) G ?7 x Z/2Z where w G U satisfies 
t(w) = w^^. The product of two such elements is then of the form (wi, aQ).{w2, ctq) = {wi(aQ.W2), ctq) — 
{'Wit{w2), 1) e t/ C ?7 X Z/2Z (observe that when ^02 — Wi, we indeed obtain 1 because t{'Wi) = w^^). 
One can then say that a [/-representation {ui, . . . , ui) of tt ~ 7ri(5'^\{si, . . . , si}) is decomposable (or 
Lagrangian) if there exist wi, . . . jWi & U such that T{wj) — wj^ for all j and ui — {wi, ao).{w2, cq), U2 = 
{w2, cro).(u'3, (To), ■ ■ ■ ,ui = {wi, ao)-{wi, (Jo)- Observe that we then have indeed ui. . .ui = 1, for ui. . .ui = 
{wit{'W2).,1)-{w2t{w^),1). . .{■wit{'Wi),1) = {wiT{w2)w2T{w-i). . .wit{wi),1) = 1 siucc r(wj) = wj^. A 
representation will be called a^- decomposable if it is decomposable with wi = Id. Then, theorem 16.101 
and coroUarv lG.lll along with theorem 16. 121 are still true in this setting (the condition on the eigenvalues 
of some Cj to be pairwise distinct is to be replaced by the condition that the centralizer Zu of any u G Cj 
is a maximal torus of [/, and therefore conjugate to a maximal torus fixed pointwise by t~). All one 
has to do is then define /3 as in ([1]) in subsection 16.51 (that is, replace w* by t{u^^) in the definition of /3 
given in subsection 16. 6p : the cTQ-decomposable representations are exactly the elements of the fixed-point 
set of /3, a given representation u is decomposable if and only if /3(u) is equivalent to it, and the set 
of equivalence classes of decomposable representations is a Lagrangian submanifold of Home (tt, [/)/[/, 
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obtained as the fixed-point set of an antisymplectic involution j3. We refer to [Sch05| for further details 
in that direction. 
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